Let R be a commutative ring with identity and Spec s (M ) denote the set all second submodules of an R-module M . In this paper, we construct and study a sheaf of modules, denoted by O(N, M ), on Spec s (M ) equipped with the dual Zariski topology of M , where N is an R-module. We give a characterization of the sections of the sheaf O(N, M ) in terms of the ideal transform module. We present some interrelations between algebraic properties of N and the sections of O(N, M ). We obtain some morphisms of sheaves induced by ring and module homomorphisms.
Introduction
Throughout this article all rings will be commutative rings with identity elements and all modules will be unital left modules. Unless otherwise stated R will denote a ring. Given an R-module M , the annihilator of M (in R) is denoted by ann R (M ) and for an ideal I of R, the annihilator of I in M is defined as the set (0 : M I) := {m ∈ M : Im = 0}. Clearly, (0 : M I) is a submodule of M .
Recall that a sheaf of rings (modules) F on a topological space X is an assignment of a ring (module) F (U ) to each open subset U of X, together with, for each inclusion of open subsets V ⊆ U , a morphism of rings (modules) ρ UV : F (U ) −→ F (V ) subject to the following conditions:
U is an open subset of X and {U α } α∈Λ is an open cover of U , and if f ∈ F (U ) is an element such that ρ UUα (f ) = 0 for all α ∈ Λ, then f = 0.
(v) If U is an open subset of X and {U α } α∈Λ is an open cover of U , and if we have a collection elements f α ∈ F (U α ) with the property that for all α, β ∈ Λ, ρ Uα(Uα∩U β ) (f α ) = ρ U β (Uα∩U β ) (f β ), then there is an element f ∈ F (U ) such that for all α, f α = ρ UUα (f ).
If F is a sheaf on a topological space X, we refer to F (U ) as the sections of F over the open subset U . We call the maps ρ UV as the restriction maps (cf. [19] ).
The prime spectrum of a ring R, denoted by Spec(R), consists of all prime ideals of R and it is non-empty. For each ideal I of R, the sets V (I) = {p ∈ Spec(R) : I ⊆ p}, where I is an ideal of R, satisfy the axioms for closed sets of a topology on Spec(R), called the Zariski topology of R.
It is well-known that for any commutative ring R, there is a sheaf of rings on Spec(R), denoted by O Spec(R) , defined as follows: For an open subset U ⊆ Spec(R), we define O Spec(R) (U ) to be the set of all functions s : U → p∈U R p , such that s(p) ∈ R p , for each p ∈ U , and such that for each p ∈ U , there is a neighborhood V of p, contained in U , and elements a, f ∈ R, such that for each q ∈ V , we have f ∈ q and s(q) = a f in R q (see [19] ). Let M be an R-module. A proper submodule N of M is said to be prime if for any r ∈ R and m ∈ M with rm ∈ N , we have m ∈ N or r ∈ ann R (M/N ) := (N : M ). If N is a prime submodule of M , then p = (N : M ) is a prime ideal of R. In this case, N is called a p-prime submodule of M . The set of all prime submodules of a module M is called the prime spectrum of M and denoted by Spec(M ). For any submodule N of an R-module M , we have a set V (N ) = {P ∈ Spec(M ) : (N : M ) ⊆ (P : M )}. Then the sets V (N ), where N is a submodule of M satisfy the axioms for closed sets of a topology on Spec(M ), called the Zariski topology of M . Several authors have investigated the prime spectrum and the Zariski topology of a module over the last twenty years (see for example [21] , [22] , [23] , [24] , [25] ). Recently, some authors have investigated a sheaf structure on the prime spectrum of a module which generalizes the sheaf of rings O Spec(R) on the topological space Spec(R). In [26] , the author obtained an R-module O Spec(M) (U ) for each open subset U of Spec(M ) equipped with the Zariski topology of M such that O Spec(M) is a sheaf of modules on Spec(M ). In [20] , the authors defined and studied a sheaf of modules which is denoted by A(N, M ) on the topological space Spec(M ) equipped with the Zariski topology of M , where M and N are two R-modules. In fact, both O Spec(M) and A(N, M ) are generalizations of the sheaf of rings O Spec(R) to modules. In [20] , the authors proved that if N = R, then A(R, M ) is a scheme on Spec(M ). This scheme structure were investigated in [1] .
Recently, a dual theory of prime submodules has been developed and extensively studied by many authors. The dual notion of prime submodules was first introduced by S. Yassemi in [27] . A submodule N of an R-module M is said to be a second submodule provided N = 0 and, for all r ∈ R, rN = 0 or rN = N . If N is a second submodule of M , then p = ann R (N ) is a prime ideal of R. In this case, N is called a p-second submodule of M (cf. [27] ). In recent years, second submodules have attracted attention of various authors and they have been studied in a number of papers (see for example [3] , [4] , [5] , [7] , [9] , [12] , [13] , [14] , [15] ).
The set of all second submodules of a module M is called the second spectrum of M and denoted by Spec s (M ). As in [11] , for any submodule N of an Rmodule M we define V s * (N ) to be the set of all second submodules of M contained in N . Clearly V s * (0) is the empty set and V s * (M ) is Spec s (M ). Note that for any family of submodules [6] ). Note that in [3] a cotop module was called a top s -module. More information about the class of cotop modules can be found in [3] and [6] .
Let M be an R-module and N be a submodule of M . We define the set
for every ideal I of R, and that the set [11, Lemma 2] ). Dual Zariski topology, the second spectrum of modules, and related notions have been investigated by some authors in recent years (see [2] , [3] , [6] , [8] , [11] , [16] , [17] and [18] ).
In this paper, we define and study a sheaf structure on the second spectrum of a module. Let M be an R-module. In Section 2, we construct a sheaf, denoted by O(N, M ), on Spec s (M ) equipped with the dual Zariski topology of M , where N is an R-module. Firstly, we find the stalk of the sheaf O(N, M ) (see Theorem 2.3). In Theorem 2.12, we give a characterization for the sections of the sheaf O(N, M ) in terms of the ideal transform module. Let R be a Noetherian ring and M be a faithful secondful R-module. We prove that if N is a free, projective or flat R-module, then so is O(N, M )(Spec s (M )) (see Theorem 2.18). In Section 3, we deal with a scheme structure on the second spectrum of a module. In Theorem 3.2, we prove that O(R, M ) is a scheme when M is a faithful secondful R-module and Spec s (M ) is a T 0 -space. Then we define two morphisms of locally ringed spaces by using ring and module homomorphisms (see Theorem 3.3 and Corollary 3.5).
A Sheaf Structure On The Second Spectrum
Of A Module
Throughout the rest of the paper M will be an R-module, X s will denote Spec s (M ) and we consider X s with the dual Zariski topology unless otherwise stated. For every open subset U of X s , we set Supp s (U ) = {ann R (S) : S ∈ U }. In this section, we construct a sheaf on X s and investigate some properties of this sheaf.
in which for each Q ∈ U , there is an open neighborhood W of Q with Q ∈ W ⊆ U and there exist elements t ∈ R, m ∈ N such that for every S ∈ W , we have t ∈ p := ann R (S) and 
Recall that for any r ∈ R, the set D r := Spec(R)\V (Rr) is open in Spec(R) and the family {D r : r ∈ R} forms a base for the Zariski topology on Spec(R). Let M be an R-module. For each r ∈ R, we define Y r := X s \V s ((0 : M r)). In [11, Theorem 4] , it was shown that the set B = {Y r : r ∈ R} forms a base for the dual Zariski topology on X s .
Remark 2.2 Let r ∈ R and Q ∈ X s . Then, r ∈ ann R (Q) if and only if Q ∈ Y r . Let Q ∈ Y r . Suppose that r ∈ ann R (Q), then rQ = 0 and so Q ⊆ (0 : M r). This implies that Q ∈ V s * ((0 : M r)) = V s ((0 : M r)), a contradiction. Conversely, let r ∈ ann R (Q). Then Q ⊆ (0 : M r) and so Q ∈ Y r . In the proof our results, we will use this fact without any further comment.
Let F be a sheaf of modules (rings) on a topological space X and P ∈ X. Recall that the stalk F P of F at P is defined to be the direct limit lim
of the modules (rings) F (U ) for all open subsets U of X containing P via the restriction maps (see [19] ). In the following theorem, we determine the stalk of the sheaf O(N, M ) at a point S in X s .
Then there exists an open neighborhood U of S and β
This shows that φ is a well-defined map. We claim that φ is an isomorphism.
There is an open neighborhood V ⊆ U of S and there are elements a ∈ N , t ∈ R such that for all Q ∈ V , we have t ∈ q := ann R (Q) and
A ringed space is a pair (X, O X ) consisting of a topological space X and a sheaf of rings O X on X. The ringed space (X, O X ) is called a locally ringed space if for each point P ∈ X, the stalk O X,P is a local ring (cf. [19] ).
) is a locally ringed space.
Example 2.5 Consider the Z-modules M = Q ⊕ Z p and N = Z, where p is a prime number. Then Spec
. M is said to be secondful if the natural map ψ s is surjective (cf. [18] ). Let M be an R-module. The Zariski socle of a submodule N of M , denoted by Z.soc(N ), is defined to be the sum of all members of V s (N ) and if V s (N ) = ∅, then Z.soc(N ) is defined to be 0 (cf. [18] ). Lemma 2.6 Let R be a Noetherian ring and N be an R-module. Let M be a secondful R-module and
.., t n ∈ R, a 1 , ..., a n ∈ N such that U = ∪ n j=1 W j and for each j = 1, ..., n and S ∈ W j we have β p = aj tj where t j ∈ p := ann R (S). Fix j ∈ {1, ..., n}. There is a submodule
and we can write
. This completes the proof.
Let K be an R-module. For an ideal I of R, the I-torsion submodule of K is defined to be Γ I (K) := ∪ n≥1 (0 : K I n ) and K is said to be I-torsion if
Theorem 2.8 Let R be a Noetherian ring, M be a faithful secondful R-module and N be an R-module.
Let q ∈ V (J). We claim that ann R (K) ⊆ q. Suppose on the contrary that ann R (K) ⊆ q. Since M is faithful secondful, there is a second submodule S of M such that q = ann R (S). Therefore S ∈ U and q ∈ Supp s (U ). This implies that t q ∈ J ⊆ q. This contradicts the fact that t q ∈ R\q. Thus
This shows that m ∈ Γ annR(K) (N ) and the result follows.
Rs i )).
Since ann R (S) is a prime ideal, we have Rs i ⊆ ann R (S) and so
Rs i )) and hence
For the other containment;
Rs n i ) and hence
Rs n i )).
Theorem 2.10 Let R be a Noetherian ring, M be a faithful secondful R-module, N be an R-module and
. By Lemma 2.6, there exist r ∈ Z + , s 1 , ..., s r ∈ ann R (L) and m 1 , ..., m r ∈ N such that W = ∪ r i=1 Y si and for each i = 1, ..., r and each S ∈ Y si , we have β annR(S) = mi si . Since β ∈ ker(ρ W U ), we have
Therefore, we conclude that
h . This implies that ann R (K) h β = 0 and so β ∈ Γ annR(K) (O(N, M )(W )). 
Rs n i . Since R is Noetherian, there exists h ∈ Z + such that ann
Let K be an R-module and I be an ideal of R. Recall that the ideal transform of K with respect to I is defined as D I (K) := lim
Theorem 2.12 Let R be a Noetherian ring, M be a faithful secondful R-module, N be an R-module and U = X s \V s (K) where K ≤ M . Then, there is a unique R-isomorphism
Proof. By Theorems 2.8 and 2.11, both the kernel and cokernel of τ Corollary 2.13 Let R be a Noetherian ring, M be a faithful secondful Rmodule, N be an R-module and U = X s \V s (K) where K ≤ M . Then the following hold.
(
Proof. Parts (1), (2) and (3) Corollary 2.15 Let R be a principal ideal domain, M be a faithful secondful R-module, N be an R-module and U = X s \V s (K). Then there exists a ∈ R such that O(N, M )(U ) ≃ N a , where N a is the localization of N with respect to the multiplicative set {a n : n ∈ N}.
Proof. Since R is a a principal ideal domain, there is an element a ∈ R such that ann R (K) = Ra. 
Theorem 2.16 Let M be a faithful secondful R-module and N be any Rmodule. For any element f ∈ R, the module
Proof. We define the map φ :
. We claim that φ is an isomorphism. First, we show that φ is injective. Let φ(
. Then h ∈ I and h ∈ p, so I ⊆ p. This holds for any S ∈ Y f , so we deduce that Supp
\V (I) and we get that V (I) ⊆ V (Rf ). This implies that Rf ⊆ √ Rf ⊆ √ I. Therefore f l ∈ I for some l ∈ Z + . Now we have 
. We see that β annR(S) is represented by 
If ϕ is an isomorphism of R-modules, then ϕ is an isomorphism of sheaves.
Proof. Let U be an open subset of X s and β = (
an open neighborhood W of Q with Q ∈ W ⊆ U and there exist elements t ∈ R, m ∈ K such that for every S ∈ W , we have t ∈ p := ann R (S) and
where ϕ(m) ∈ L and t ∈ p := ann R (S) for every S ∈ W . This shows that
.
is well-defined. Clearly, ϕ(U ) is an R-homomorphism. Since
the following diagram is commutative.
is a morphism of sheaves. Now suppose that ϕ is an isomorphism. We show that ϕ(U ) is injective. Let ϕ(U ) ( Now we show that ϕ(U ) is surjective. Let
There exists a p ∈ K such that ϕ(a p ) = b p for each p ∈ Supp s (U ). We show that
there is an open neighborhood W of Q with Q ∈ W ⊆ U and there exist elements t ∈ R, b ∈ L such that for every S ∈ W , we have t ∈ ann R (S) = p and
tp , where t ∈ p = ann R (S) for every S ∈ W . There exists v p ∈ R\p such that v p (t p ϕ(a)−tϕ(a p )) = 0. It follows that ϕ(v p t p a − v p ta p ) = 0. Since ϕ is injective v p (t p a − ta p ) = 0 for v p ∈ R\p. This means that ap tp = a t where t ∈ p = ann R (S) for every S ∈ W . This shows that Theorem 2.18 Let R be a Noetherian ring, M be a faithful secondful R-module and N be an R-module. Then the following hold.
Proof.
(1) We can write X s = X s \V s (0). Since N is a free R-module, N is isomorphic to a direct sum of some copies of R, say N ≃ ⊕ i∈Λ R for an index set Λ. By Proposition 2.17,
. D R commutes with direct sums by [10, 3.4.11. Corollary] . By using this fact, Theorem 2.12 and Theorem 2.16, we get that
(2) Since N is a projective R-module, there is a free R-module F and a submodule L of F such that F ≃ N ⊕ L. By using Proposition 2.17 and [10, 3.4.11 . Corollary], we get that
is a projective R-module as it is a direct summand of the free R-module O(F, M )(X s ). (3) Since every flat R-module is a direct limit of projective R-modules, N ≃ lim − − → i∈Λ P i for some projective R-modules P i and a directed set Λ. By Proposition 2.17 and Theorem 2.12, 
is a projective and hence a flat R-module for each i ∈ Λ. Since a direct limit of flat modules is flat, O(N, M )(X s ) is a flat R-module.
3 A Scheme Structure On The Second Spectrum Of A Module
Recall that an affine scheme is a locally ringed space which is isomorphic to the spectrum of some ring. A scheme is a locally ringed space (X, O X ) in which every point has an open neighborhood U such that the topological space U , together with the restricted sheaf O X|U is an affine scheme. A scheme (X, O X ) is called locally Noetherian if it can be covered by open affine subsets of Spec(A i ) where each A i is a Noetherian ring. The scheme (X, O X ) is called Noetherian if it is locally Noetherian and quasi-compact (cf. [19] ). A topological space X is said to be a T 0 -space or a Kolmogorov space if for every pair of distinct points x, y ∈ X, there exists open neighbourhoods U of x and V of y such that either x / ∈ V or y / ∈ U . The following proposition, from [6] , gives some conditions for the dual Zariski topology of an R-module to be a T 0 -space. (1) The natural map ψ s : Spec
Therefore we get that
) is a morphism of sheaves. By Theorem 2.3, the map on the stalks, f
) is a morphism of locally ringed spaces. Let U be an open subset of Spec s (M ) and t = (t annR(P ) ) P ∈U ∈ O(A, M )(U ). Suppose that T ∈ h −1 (U ). Then h(T ) ∈ U and there exists an open neighborhood W of h(T ) with h(T ) ∈ W ⊆ U and elements r, g ∈ R such that for each Q ∈ W , we have t annR(Q) = a g ∈ A annR(Q) where g ∈ ann R (Q), hence g ∈ ann R (h(T )). By definition of h, ann R (h(K)) = φ −1 (ann S (K)) for every K ∈ h −1 (W ). So φ(g) ∈ ann S (K) for g ∈ ann R (h(K)). Thus by h # (U )((t annR(P ) ) P ∈U ) = φ annS (T ) (t annR(h(T )) )
T ∈h −1 (U)
for each (t annR(P ) ) P ∈U ∈ O(R, M )(U ). Assume that V ⊆ U . Consider the diagram
We see that
φ annS (T ) (t annR(h(T )) )
= φ annS(T ) (t annR(h(T )) )
T ∈h −1 (V ) = h # (V )((t annR(P ) ) P ∈V ) = h # (V )ρ UV ((t annR(P ) ) P ∈U ) and hence ρ is a locally ringed spaces.
